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3.1. Change in the Berry phase

Consider a 1D crystal, which is translated to the right by a distance x0. The new Bloch functions are given
by ψ̃nk = ψnk(x − x0). Find the relation between ũnk and unk and use this to show that the Berry phase
changes as γ̃n = γn + 2πx0/a.

3.2. Gauge invariance

(a) Consider the Schrödinger equation for the periodic part of the Bloch function,

Hk unk(r) = En(k)unk(r),

Show that this equation remains valid under the gauge transformation

unk(r) −→ ũnk(r) = eiφn(k) unk(r),

where φn(k) is an arbitrary and sufficiently differentiable real function. Explain why the periodic part of the
Bloch function is not uniquely defined.

(b) Show that the Berry connection An(k) is not invariant under this gauge transformation, whereas the
corresponding Berry curvature Ωn(k) is invariant.

3.3. Wannier center and electric polarization

Consider a one-dimensional crystal with lattice constant a and Bloch eigenstates ψnk(x) = eikxunk(x), where
unk(x+ a) = unk(x) is the periodic part of the Bloch function. The Wannier function associated with band
n and unit cell R is defined as

WnR(x) =
a

2π

∫
BZ

dk e−ikR ψnk(x).

(a) By differentiating ψnk(x) with respect to k, show that

xψnk(x) = −i∂kψnk(x) + ieikx∂kunk(x).

(b) Consider the Wannier function in the home unit cell, Wn0(x). Using the result of (a), express xWn0(x)
in terms of the derivative ∂kunk(x).

(c) Calculate the expectation value of the position operator, x̄n = ⟨Wn0|x̂|Wn0⟩, and obtain the Wannier
center

x̄n =
a

2π

∫
BZ

dk An(k),

where An(k) is the Berry connection.

(d) For a fully filled band, the electronic charge density associated with a Wannier function is ρnR(x) =
−e |WnR(x)|2. Use this expression to obtain the dipole moment,

pn0 =

∫
dxx ρn0(x)

and evaluate electric polarization Pel (dipole moment per unit of length) via the Berry phase.

(e) Consider an adiabatic cyclic evolution of the crystal, such that H(T ) = H(0). Using j(t) = dPel/dt,
demonstrate quantization of charge in the Thouless pump.
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